In the scenario of single-field inflation, this field is described in terms of Jacobian elliptic functions. This approach provides, when constrained to particular cases, analytic solutions already known in the past, generalizing them to a bigger family of analytical solutions. The emergent cosmology is analyzed using the Hamilton-Jacobi approach and then the main results are contrasted with the recent measurements obtained from the Planck 2015 data.
Introduction
One of the main paradigms of the early universe is to the socalled inflation, which, for example, allows quantum fluctuations to produce the seeds for the cosmic microwave background anisotropy and large scale structure, so one of the ways by which this stage can emerge is, for example, protecting the holographic principle [1] . In the standard inflationary cosmology, the universe is dominated by a scalar inflaton field, φ , self-interacting through a potential, V (φ ), with an energy density ρ φ = 1 2φ 2 +V (φ ), and pressure p φ = 1 2φ 2 −V (φ ). Since inflation proceeds if the potential energy of the field dominates its kinetic energy, the weak energy condition ensures that the pressure is negative during the inflationary process allowing for an extremely rapid expansion of the universe. In general, it is not easy to obtain exact solutions of the Einstein equations with an inflaton field as source, for a given potential V (φ ). However, for some simple cases, exact solutions can be obtained without even making use of the slow-roll approximation.
To perform a quantitative analysis of the inflation one could proceed in two way: using the standard slow-roll apa e-mail: jose.villanuevalob@uv.cl b e-mail: egallo@famaf.unc.edu.ar proximation [2] , or using the Hamilton-Jacobi method [3] [4] [5] [6] . In this work, we opt for the latter approach, obtaining new exact solutions for an inflaton field where the potential is expressed in terms of elliptical functions. The reason behind this choice is the fact that many authors have reported potentials in terms of trigonometric [7] [8] [9] [10] and hyperbolic functions [7] [8] [9] [10] [11] [12] [13] [14] [15] . Within this context, and keeping in mind that both, trigonometric and hyperbolic functions, are nothing but particular cases of elliptical functions, we seek for a generalization based on functions of this kind. This paper is organized as follows: in Section II we give a review of the Hamilton-Jacobi approach to inflation. In Section III we present a quartic potential which can be expressed in terms of elliptical functions, and we provide the general solutions and the expressions for the relevant cosmological parameters. In Section IV we study scalar and tensor perturbations and we also compare them with the available observational data.
Hamilton-Jacobi approach to inflation
The starting point is the expression of the equations governing the background in terms of the inflaton φ , so in units whereh = c = 1 these relations are given by
and
where m p = G −1/2 is the Planck mass, a dot represents differentiation with respect to the cosmic time, t, and a prime represents differentiation with respect to the inflaton scalar field. Taking the temporal derivative of Eq. (1), we obtain
so, using Eq. (2) into Eq. (3) leads to the useful relatioṅ
Also, considering the relation between operators
Equation (4) can be written aṡ
If we assume that the Hubble parameter and the inflaton are invertible, then we can write the potential as a function of H. Therefore, inserting Eq. (6) into Eq. (1) we obtain the kinematic equation involving the evolution of the scalar field dH dφ
Since the inflaton is a real scalar field, the condition that
V must be fulfilled during inflation. Equations (6) and (7) are called the Hamilton-Jacobi equations, and they dictate the kinematic evolution. In order to obtain exact solutions to Eqs. (6) and (7), we propose a potential that leads to analytic solutions, i.e., that allows us to find the generating function, H(φ ). Thus, the set of Eqs. (6) and (7) yield exact solutions. On the other hand, from Eq. (6),
where a i = a(φ i ), and, from now on, the subscripts i and f imply that quantities are evaluated when inflation begins and ends, respectively. The above equation implies that the scalar factor a can be written as a function of the inflaton field φ , and thus, assuming that we know the scalar field as a function of time, we can obtain the scale factor as a function of the cosmological time.
It is also possible to express the acceleration equation for the scale factor as a a
where the first Hubble hierarchy parameter ε H is given by
This parameter provides information as regards the acceleration of the universe, so during inflation the bound ε H ≪ 1 is fulfilled, and inflation ends when ε H = 1. Another quantity to describe inflation is the number of e-folding of the physical expansion, which is given by
so, using Eqs. (6), (8) and (10) we obtain
In the description of inflation it is also relevant to show that the solutions are independent from their initial conditions. This guarantees the true predictive power that any inflationary universe model must have, otherwise the corresponding physical quantities associated with the inflationary phase, such as the scalar or tensor spectra, would depend on these initial conditions. Thus, any inflationary model needs to fulfill the condition that its solutions follow an attractor behavior, in the sense that solutions with different initial conditions should converge to a unique solution [3] .
Let us start by considering a linear perturbation, δ H(φ ), around a given inflationary solution, expressed by H (0) (φ ). In the following we will refer to this quantity as the background solution, and any quantity with the subscript (0) is assumed to be evaluated taking into account the background solution. Substituting H = H (0) + δ H into Eq. (7) and then linearizing, it is straightforward to show that [2, 16, 17] 
which can be solved as
where φ i corresponds to some arbitrary initial value of φ . Since dφ and H ′ have opposite signs (assuming thatφ does not change sign due to the perturbation δ H) the linear perturbations tend to vanish quickly [2] .
A quartic potential
In this section we will present a class of potential which can be given in terms of elliptic functions. The reason behind this choice is the fact that many authors have reported potentials in terms of trigonometric [7] [8] [9] [10] and hyperbolic functions [7] [8] [9] [10] [11] [12] [13] [14] [15] . So, recalling that both functions, trigonometric and hyperbolic, are special cases of elliptic functions, we will try to find a potential which leads to some function of this kind. To proceed, we define the following potential: 8π 3m 2
where the α n , for n = 1, 2, 3, 4, are explicitly given by α 0 =
1 k 2 , and the dimensionless function Y is given by
In these definitions, H ≡ H 0 /H 1 , H 1 and k are constants which will be tested against observational data. Substitution of Eq. (15) into the general Eq. (7) implies that 1 β dY dφ where β 2 = 12π/m 2 p , and k ′2 = 1 − k 2 . Therefore, performing an integration (see [18] [19] [20] [21] [22] ), and then solving for H, we obtain
where cn(x) ≡ cn(x| k) is the Jacobi elliptic cosine function. Fig.1 depicts H(φ ) for different values of the modulus k. So, by defining the dimensionless scalar field Φ = β (φ − φ 0 ), and after a slight manipulation, the potential is conveniently written as
where sn(x) ≡ sn(x| k) is the Jacobi elliptic sine function, and dn(x) ≡ dn(x| k) is the Jacobi elliptic delta function. The behavior of V (φ ) is indicated in Fig. 2 , where for comparison, different values of the modulus k are shown. The di- and
respectively. Therefore, the parameter of the equation of state, ω φ (ρ φ ) = p φ /ρ φ , can be written as
where the function f φ ≡ f (ρ φ ) is given explicitly by
Note that the condition f φ ≥ 0 must be satisfied for every pair (H , k).
Also, from Eq. (22) we can see that the Jacobian scalar field φ is driving inflation in such way that the condition ω φ ≤ −1 always is satisfied. Clearly there are four critical values for the (dimensionless) density which lead to a cosmological-like constant regime (ω φ = −1):
First of all, ρ Using the generating function (18) in Eq. (8), and then performing an integration, we find
where sd(x|k) = sn(x|k)/dn(x|k), and the Gugu function G (φ ) is given by
Since this function diverges when k = 1 (or k ′ = 0) we must exclude it and integrate directly this case from Eq. (8), obtaining
with the function F (φ ) defined by
In the same way, using the fact that H ′ (φ ) = −β H 1 sn Φ dn Φ together with Eq. (6), we see that the cosmological time is
if 0 ≤ k < 1, whereas in the hyperbolic limit, k = 1, the cos-
Note from Eqs. (26), (30) and (31) we note that a ∝ e H 0 (t−t i ) , required by the de Sitter stage.
In addition, making use of the properties of the Jacobian elliptic functions, we can write the first Hubble hierarchy parameter (10) in the convenient form
In the limit k → 0, this simplifies to
while in the limit k → 1, we obtain
Let us stop briefly in this last expression for the case H = H 0 = 0, which, except for a constant, leads to the expression obtained by del Campo [13] when a Chaplygin-like scalar field is considered. For the case of inflation (ä/a > 0), the relevant boundary condition is de Sitter expansion, ε H (φ S ) = 0. So, for our case this condition leads to φ S = φ 0 . From the definition of ε H , this is equivalent to H ′ (φ ) = 0, and it follows that φ 0 is a stationary point of the field:
From the generating function (18) we see that this point is φ 0 = 0. Note that at this point the Hubble parameter is given
In order to assess whether we have an inflationary period, we introduce the deceleration parameter q, defined as q = −ä ȧ a 2 , which, in terms of the first Hubble hierarchy parameter ε H , it becomes q = ε H − 1, which gives
The behavior of q(φ ) is indicated in Fig. 4 for different values of the modulus k. The number of the e-folds is found to be We must remark that the final value of the dimensionless scalar field Φ f is obtained using the transcendental equation
From Eqs. (37) and (38) The study of the attractor behavior of the model is performed by considering a linear perturbation, δ H(φ ), around a given solution and following the steps described above. Thus, from Eqs. (14) , (18) , and (32), we get that
Since the factor accompanying δ H(φ i ) is nothing but (a/a i ) −3 [see the expression (26) ], which during inflation increases at least 70 e-fold, we can conclude that δ H(φ ) is very small.
Scalar and tensor perturbations
In the inflationary scenario, the quantum fluctuations are found to be relevant because they generate two important types of perturbations: density perturbations (arising from quantum fluctuations in the scalar field, together with the corresponding scalar metric perturbation [23] [24] [25] ), and relic gravitational waves (which are tensor metric fluctuations [26] [27] [28] [29] [30] ). The former is sensitive to gravitational instability and leads to structure formation [31] , while the latter predicts a stochastic background of relic gravitational waves which could influence the cosmic microwave background anisotropy via the presence of polarization in it [32, 33] .
In order to describe these perturbations we introduce a series of parameters known as the Hubble hierarchy parameters. We have already defined one of them through Eq. (10), Table 1 Values for the dimensionless scalar field for some values of the modulus k. The values of Φ f were calculated using the condition ε H (Φ f ) = 1 from Eq. (32), while the values of Φ i were calculated using the condition N(Φ i ) = 60 and N(Φ i ) = 70 from Eq. (37) . In all these computations we use H = 1.3, except for k = 1 where we have assumed H = 0. 
where plugging in the Jacobian scalar field leads to
The third Hubble hierarchy parameter, ξ 2 H is defined by
leading to
The quantum fluctuations produce a power spectrum of scalar density fluctuations of the form [34, 35] 
This perturbation is evaluated when a given mode k crosses outside the horizon during inflation, i.e. at aH = k. These modes do not evolve outside the horizon, so we can assume they keep a fixed value after crossing the horizon during inflation. In order to obtain some comparison with the available observational data, we introduce the scalar spectral index n s defined as
After a brief calculation, one obtains that
so, using Eqs. (32) and (41), the spectral index becomes
. (47) It is well known, that not only scalar curvature perturbations are generated during inflation. In addition quantum fluctuations generate transverse-traceless tensor perturbations [31] , which do not couple to matter. Therefore they are only determined by the dynamics of the background metric. The two independent polarizations evolve like minimally coupled massless fields with spectrum In the same way as the scalar perturbations, it is possible to introduce the gravitational wave spectral index n T defined by n T ≡
, which in our case becomes n T = −2ε H . At this point, we can introduce the tensor-to-scalar amplitude ratio r ≡
and, in our case, we obtain that
In Fig. 5 we display the parameter space of r, given by Eq. (50), and the spectral index given by Eq. (47).
Final remarks
There is no doubt that elliptic functions are a powerful tool to describe natural phenomena. In this paper we have used them to describe a scalar field in order to find inflationary solutions. In particular, we have used an inflationary universe model in which the inflaton field is characterized by a parameter of the equation of state ω φ = −1 + f φ , where f φ is given by Eq. (23), and its kinematical evolution was described by the Hubble parameter given by H(φ ) =
A detailed analysis shows that the allowed values for H(φ ) depend strongly on the values of the pair (k, H ). On this basis, the scalar potential, V (φ ), the corresponding number of e-foldings, and the attractor feature of the model were described. We should mention here that the first hierarchy parameter ε H (and thereby, the deceleration parameter q) related to the inflaton field results in such a way that it is possible to reproduce a generalized Chaplygin gas by making H → 0. This analogy encouraged us to start a generalization of the GCG in terms of elliptic functions [37] .
It was also shown that the potential works quite well when compared against the measurements recently released based on Planck data. This situation is the main motivation to study inflationary universe models with this kind of scalar potential.
Finally, in general terms, we have found that the tensorto-scalar ratio can adequately accommodate the currently available observational data for some values of the (H , k) parameters. In this context, we have shown that the model here presented is appropriate for describing inflationary universe models. 
